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Abstract: Performance indices used in the analysis of performance of univariate
and multivariate processes are often computed as ratios of stochastic variables.
Consequently, they have an inherent variability. In order to provide a basis for
assessing performance using these measures, it is important to understand the
sampling distribution of these indices. In this paper the statistical properties
of quadratic-type performance indices used in the analysis of performance of
univariate and multivariate processes are derived. When the system parameters
are known, or are treated as know uncertainty in the performance indices can
be quantified through calculation of exact confidence intervals using results
from mathematical statistics. Given the extensive computational requirements for
computing exact confidence intervals, high quality approximations can in turn be
used. The influence of data length and autocorrelation structure of the process
on the width on these the confidence intervals is seen explicitly in the derived
expressions. It is shown that in the case of non-normal driving forces, the resulting
confidence intervals are theoretically justified using the Central Limit Theorem.
The results of [1] are shown to be special case of the approach derived in this
paper. When the parameters of the time series are estimated from data, the
uncertainty in the performance indices must be investigated using a fundamentally
different approach. Several methods are outlined. The methodologies developed in
this paper are applicable to a wide variety of quadratic performance measures
encountered in process monitoring and analysis, controller design and filtering.

Keywords: performance monitoring, quadratic forms, re-sampling methods,
likelihood methods, time series estimation, analysis of variance, saddlepoint
methods

1. INTRODUCTION

Performance monitoring and analysis are topics of
considerable academic and industrial interest. In
applications in process control, one often estab-
lishes a performance metric that requires compu-
tation of sums of squares of random variables or
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ratios of such variables. In the simplest applica-
tion, the ratio of the variance of the h step-ahead
forecast of the process variable to the variance of
the process variable is computed. The motivation
for this, and the connection to the lower bound on
achievable performance is discussed in [1,2]. Mul-
tivariate extensions have been proposed in [3,4].
Readers are referred to [5–12] for recent reviews
and a number of extensions and modifications.



Nearly all of the performance monitoring meth-
ods are model-based, requiring that a descrip-
tive model be constructed that accounts for the
observed process behavior. The vast majority of
performance-based methods assume that the pro-
cess can be modelled (locally) by a linear trans-
fer function with additive disturbances. Once the
model is constructed, then a number of perfor-
mance indices can be calculated. Performance
measures can account for non-stochastic behavior
or interventions, such as steps, ramps, and cycling.

In using performance measures, one should be
aware of several sources of variability. First, the
performance measure can shift when there are
changes in the underlying process dynamics or
disturbances. Another source of variability arises
from the fact that only one realization or sample
of the underlying process that generates the data
that is used in the computations. Consequently
the calculated performance metric may differ from
its expected or average value. This is the inherent
variability in the statistic. Most often, the perfor-
mance index must be estimated using an empirical
model, the parameters of which are estimated
from data. This leads to estimation variability.

In this paper, methods are developed to enable
quantification of the inherent and estimation vari-
ability of quadratic type performance indices us-
ing the extensive statistical literature on the dis-
tribution of quadratic forms. These confidence
intervals depend on how much data has been
used to compute the performance index, as well
as the autocorrelation structure of the data. The
two-moment approximation of [1] is seen to be a
special case of the proposed method for estimation
of the inherent variability. Horch and Isaksson [11]
have suggested that a linear propagation of error
analysis can be used to quantify the uncertainty
in the performance index. This latter approach
enables one to quantify the estimation variability
in the performance index.

The methods proposed in this paper can be ap-
plied to wide variety of performance indices that
can be expressed as a quadratic form or ratio
of quadratic forms. Consequently is possible to
develop confidence intervals for the user-defined
benchmark described in [11] and the generalized
performance measure proposed by [10], many of
the multivariate performance indices that that
have been recently developed, and cost functions
that are encountered in filtering, estimation and
control.

The paper is organized as follows. A number of
well-known univariate performance indices that
have been proposed are reviewed. It is assumed
that the reader is familiar with the derivation of
these indices. This is then followed by a discus-
sion of the sampling properties of these indices

under the assumption that the parameters of the
time series model are known. An algorithm to
enable exact calculation of confidence intervals
for the sampled performance indices is outlined,
followed by a discussion of a number of useful
approximations that are much simpler and faster
to compute. The role of data length and influence
of the autocorrelation structure of the process
on the confidence intervals are examined. This
is followed by a discussion of two methods that
can be used to calculate confidence intervals when
the time series structure and parameters must be
estimated. A simple example is used to illustrate
the methodologies. Finally, it is shown how the
proposed methods can be extended to other uni-
variate and multivariate performance indices.

2. PROCESS DESCRIPTION

Initially, consider processes whose closed-loop be-
havior can be described as the output of a station-
ary linear time series models of the form:

yt =
θ(q−1)
φ(q−1)

at = ψ(q−1)at (1)

where {θ(q−1), φ(q−1)} are monic and stable poly-
nomials in the backshift operator q−1 and {at}
is a sequence of independently and identically
distributed random variables with mean zero and
variance σ2

a. The variable yt represents deviations
of the process variable from its target value under
closed loop control. The description in Equation
(1) typically arises when the open-loop process is
represented as the sum of a linear transfer func-
tion with additive disturbances and a linear feed-
back controller is used to keep the process variable
at its desired value. The methods described in this
paper are not restricted to systems described only
by Equation (1). They are applicable to any lin-
ear systems driven by additive stochastic distur-
bances, including multivariate systems in either
transfer function or state space form.

The transfer function in (1) can be written in
terms of the impulse response function as:

yt = ψ(q−1)at = (ψ0 + ψ1q
−1 + ψ2q

−2 + ...)at

ψ0 = 1 (2)

Since it has been assumed that that the closed
loop transfer function is stable, the impulse co-
efficients, ψj , in Equation (2), form a convergent
series.

The optimal linear mean square prediction of yt,
given information up to and including time t-h, is
[14,15]:

ŷt/t−h = ψhat−h + ψh+1at−h−1 + . . . (3)



If {at} are independently and identically dis-
tributed random normal variates, then the opti-
mal linear predictor is also the optimal predictor
[14]. The predictor in Equation (3) can also be
constructed in terms of past y’s and past predic-
tors. The prediction error at time t is defined as:

et/t−h = yt − ŷt/t−h = at + ψ1at−1 + . . .

+ψh−1at−h+1 (4)

In the application of controller performance tech-
niques, one is most often interested in computing
variance ratios that can be derived from the im-
pulse response coefficients or predictions of pro-
cess variables. Several common variance ratios,
termed performance measures, are [1,16]:

ξ̂1(h) =
s2

y

s2
e

η̂1(h) = 1− s2
e

s2
y

γ̂1(h) =
s2

h

s2
e

(5)

where:

s2
y =

1
N

N∑
t=1

y2
t

s2
h =

1
N

N∑
t=1

ŷ2
t/t−h

s2
e =

1
N
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(yt − ŷt/t−h)2 (6)

Furthermore:

s2
y = s2

h + s2
e +

2
N

N∑
t=1

yt(yt − ŷt/t−h) (7)

The expected value of the last term in Equation
(7) is zero.

One might be inclined to calculate a performance
measure of the form:

ξ̂2(h) =
1
N

N∑
t=1

y2
t

(yt − ŷt/t−h)2
(8)

The statistical properties of this performance
measure are very poor, and it is not investigated
further.

Performance ratios can also be calculated from
functions of the impulse response coefficients [5]:

ξ(h) =
σ2

y

σ2
e

ξ(h) ≥ 1

η(h) = 1− σ2
e

σ2
y

=
σ2

h

σ2
y

0 ≤ η(h) ≤ 1

γ(h) =
σ2

h

σ2
e

γ(h) ≥ 0 (9)

where:

σ2
e = (ψ2

0 + ψ2
1 + . . . + ψ2

h−1)σ
2
a

σ2
h = (ψ2

h + ψ2
h+1 + . . .)σ2

a

σ2
y = σ2

e + σ2
h

(10)

The performance indices described in Equations
(9) are independent of σ2

a.

The performance indices in Equation (5) and (9)
describe the ‘predictive capability’ of the closed-
loop system [5], and they also related in a funda-
mental fashion to theoretical performance bounds
that can be achieved by a control system [2].
Although the corresponding performance metrics
are often used interchangeably, they are theoreti-
cally different. It is easy to see that:

ξ(h) =
E{s2

y}
E{s2

e}
ξ(h) ≥ 1

η(h) = 1− E{s2
e}

E{s2
y}

0 ≤ η(h) ≤ 1

γ(h) =
E{s2

h}
E{s2

e}
γ(h) ≥ 0 (11)

where E{•} denotes the expected value of quan-
tity •. (ξ̂1(h), η̂1(h), γ̂1(h)) are random variables,
whereas the performance indices (ξ(h), η(h), γ(h))
are constants, and can be thought of as ‘popula-
tion parameters’ that describe the performance in-
dices. In generalE{ξ̂1(h)} 6= ξ(h) as the expected
value of a ratio is not the ratio of the expected
values. A multiplicative correction factor relating
E{ξ̂1(h)}and ξ(h) has been proposed [23]. Fortu-
nately, the differences between these two terms are
most often very small.

The performance indices are readily calculated
once the time series model is specified. These
can be used at the design stage to compare the
performance of different regulators. Most often
however, they are used as part of a monitoring and
diagnosis scheme for control systems in a manner
described in the references in the Introduction.
In this mode, the structure and parameters of
the time series model must be determined from
a representative set of operating data. Once this
is done, the performance indices can be calculated
by replacing the true impulse weights with those
obtained from the model building exercise in ei-
ther of Equations (5) or (9). In addition to the
point estimate, it is also important to obtain con-
fidence estimates for the performance indices, as
this enables one to determine whether statistically
significant changes have occurred in performance
[1].

In this paper, performance indices will be calcu-
lated with the following formulae:



η̂(h) = 1− s2
e

s2
e + s2

h

ξ̂(h) =
s2

e + s2
h

s2
e

(12)

The reason for using {η̂(h), ξ̂(h)} instead of
{η̂1(h), ξ̂1(h)} is that the former satisfy the con-
straints given in Equation (9), as do their ex-
act confidence intervals. (Exact and approximate
confidence intervals for {η̂1(h), ξ̂1(h)} need not
satisfy the inequalities in Equation (9) due to the
presence of the third term on the right hand side
of Equation (7). The effect of this term is most
pronounced when the performance index is close
to the constraints.) {η̂(h), ξ̂(h)} can be calculated
from γ̂(h) via:

η̂(h) =
γ̂(h)

1 + γ̂(h)
ξ̂ = 1 + γ̂(h) (13)

In this paper it is shown how to how to construct
confidence regions for γ̂(h). These methods can
also be directly applied to {η̂1(h), ξ̂1(h)} if desired.
Exact confidence intervals are difficult to evaluate
numerically and a number of approximations to
the exact distribution of the performance ratio
can be developed, one of which is the two-moment
approximation proposed in [1] for η̂1(h). These
results make extensive use of properties of ratios
of quadratic forms in normal variables. One of the
key advantages of the approaches advocated in
this paper, is that procedures for estimating con-
fidence regions for the method of [10,11], and the
extension to performance indices for multivariable
systems are straightforward.

3. CONFIDENCE ESTIMATION FOR
PERFORMANCE INDICES

The scenario to be investigated is the following.
The process, which is described by Equation (1)
is simulated M times, using N ‘observations’ for
each simulation. For each of the simulations, the
performance index γ̂(h) is calculated using Equa-
tions (5) and (6). From these M estimates of
the performance index, it is straightforward to
construct the empirical distribution function for
γ̂(h). (Recall that that the distribution function
is also known as the cumulative probability den-
sity function). If M were sufficiently large, then
the empirical distribution function would provide
an accurate representation of actual distribution
function. It would then be possible to summarize
many of the features of interest of the performance
index such as the mean, mode, median or variance.
Using the empirical distribution function, it would
also be possible to determine a confidence region
or confidence interval for the performance index,
i.e. it would be possible to find a real value c,

corresponding to a confidence level 1 − α, such
that:

Prob{γ̂(h) ≤ c} = 1− α (14)

c is known as the critical value.

Rather than using the empirical distribution func-
tion, it is desired to use the model for the process,
i.e. the structure of the time series, to find the true
distribution function for the performance indices.
Closed form solutions to this problem do not exist.
Two difficulties arise: i) when the parameters of
the time series model are known, the performance
indices are ratios of quadratic forms. Although
exact solutions exist when the driving force is
a normal random variable, the computations are
complex. Fortunately a number of good approxi-
mations exist, ii) when the time series parameters
are estimated from data, the distribution function
of the ratio is not readily derived. One can still
estimate confidence intervals for the ratios using
a number of standard statistical methods, or com-
puter intensive methods known as re-sampling.

The task of determining confidence intervals when
the parameters are known is much easier than
when they must be estimated from data. One
might ask why one would be interested in de-
riving confidence intervals for known parameters,
as in most instances the models are estimated
from data? One might suspect that the confidence
intervals for the ratios with known parameters will
be narrower than the instances where they must
be estimated. If the variation in the performance
ratios for the case of known parameters is unac-
ceptable, then the ratio will not be practically use-
ful. Secondly, at the design stage, the construction
of the confidence intervals allows calculation of
the typical variation in performance indices that
might be encountered. This facilitates compari-
son among various control strategies. Finally, a
number of statistical methods used in time series
ignore the variability arising from estimation to
compute confidence intervals.

3.1 Confidence Estimation with Known Time
Series Parameters

Consider the case where the structure and pa-
rameters of the time series model are known.
Given observations {yt, t = 1, . . . , N} the predic-
tions, ŷt/t−h, and prediction errors, et/t−h, can be
computed over this time horizon.

The key technical point that enables one to de-
velop the confidence interval for γ̂(h), is to note
that it may be written as a ratio of quadratic
forms:

γ̂(h) = Q =
Q2

Q1
=

aT B2a

aT B1a
(15)



{B1, B2} are positive definite matrices, and a
is the vector aT = (a1 , a2 , . . . , aN ). It is easily
shown that σ2

aB1/N is the variance-covariance
matrix of the prediction errors and σ2

aB2/N is the
variance-covariance matrix of the predictors. Both
matrices are Toeplitz. Expressions for {B1, B2}
in terms of the impulse weights are given in
Appendix A.

In many applications in basic statistics, such as re-
gression analysis, it is necessary to compute vari-
ance ratios. Confidence intervals for these ratios
are often calculated using critical values from the
F-distribution. Necessary and sufficient condition
for q1

q2
γ̂(h) to follow an F distribution with q1 and

q2 degrees of freedom, when a ∼MVN (0, Σa), are
[17]:

i) tr(BiΣa)2 = tr(BiΣa) = qi i = 1, 2
ii) B1ΣaB2 = 0

(16)

where 0 denotes the null matrix. The first con-
dition ensures that each quadratic form follows a
chi-squared distribution with qi degrees of free-
dom and the second condition ensures that the
two quadratic forms are independent. The first
and second conditions are almost never satisfied
in the performance monitoring applications dis-
cussed in this paper, thus it is not possible to use
standard statistical tables to compute confidence
intervals.

Using Equation (13) it follows that:

Prob{γ̂(h) ≤ c}= Prob

{
γ̂(h)

1 + γ̂(h)
≤ c

1 + c

}

= Prob {η̂(h) ≤ c1}
and

Prob{γ̂(h) ≤ c}= Prob{1 + γ̂(h) ≤ 1 + c}
= Prob{ξ̂(h) ≤ c2} (17)

Since the confidence limits for {η̂(h), ξ̂(h)} are
readily derived from the confidence limits for γ̂(h),
it is only necessary to focus on the latter index.

Since Q1 is positive:

Prob{Q ≤ c} = Prob{Q2 − cQ1 ≤ 0} (18)

There is an extensive statistical and econometric
literature on properties of quadratic forms in
normal and non-normal variables that go back
more than fifty years. Many of these developments
are summarized in the monograph [17].

Critical points for Equation (18), for the case
where a ∼ N (0,Σa) are obtained by numerically
inverting the characteristic function of Q. (The
characteristic function of a random variable X
is E

{
ejωX

}
, where j is imaginary unit and ω

is a real number, [18]). This problem is akin to

calculating the time response of a linear system
by numerically inverting the Laplace transform.
An iterative solution is required. For the given
choice of c, if the Prob{Q2 − cQ1 ≤ 0} doesn’t
equal the desired value of 1 − α, it is necessary
to adjust c and repeat the numerical process until
a satisfactory convergence criterion is achieved.
Each iteration requires calculation of the eigenval-
ues of B2Σa − cB1Σa . Once the eigenvalues are
known, a challenging numerical problem still re-
mains. These difficulties have motivated a number
of approximations for the distribution of ratios of
quadratic forms in normal variates.

Saddlepoint Approximations for Ratios of
Quadratic Forms

Saddlepoint approximations were first proposed in
[19] to calculate tail probabilities. The intent is
not to approximate the entire probability distri-
bution function of a statistic, but instead to focus
attention on the tails of the distribution to enable
very good approximations for confidence estima-
tion. General descriptions are given in [20,21].
The basis of the numerical algorithm used in this
paper follows from the theory outlined in [22]. The
algorithm is described as follows:

Step 1: Calculate {B1, B2}, specify α and
guess initial value for c

Step 2: Calculate the eigenvalues of B2Σa−
cB1Σa . Order these from smallest to
largest as λ1 ≥ λ2 ≥ . . . λN

Step 3: Calculate ω̂ (known as the saddle-
point) as the solution to:

N∑

k=1

λk

1− 2ω̂λk
= 0

It is known that ω̂ is real and unique and
is found in the open interval { 1

2λN
, 1

2λ1
}

Step 4: Calculate

Prob{Q ≤ c} ∼= Φ(ς̂)− φ(ς̂)
[
1
ẑ
− 1

ς̂

]

where {Φ, φ} denote the cumulative
and probability density function of a
standard normal variable and

ẑ = ω̂

[
2

N∑

k=1

λ2
k

(1− 2ω̂λk)2

]1/2

and

ς̂ =

[
N∑

k=1

ln(1− 2ω̂λk)

]1/2

sign(ω̂)

Step 5: Check that the calculated probabil-
ity is within a specified value of the



desired probability α. If not, re-adjust
c and return to Step 2. Otherwise stop.

The algorithm as described above is straightfor-
ward to program in Matlab r©. When all of the
eigenvalues are less than zero, the Prob{Q ≤ c} =
1 and when all of the eigenvalues exceed one, the
Prob{Q ≤ c} = 0. It is also straightforward to
construct a two-sided confidence interval for Q
such that Prob{Q ≤ c} = 1 − α, by repeated ap-
plication of this algorithm. Lieberman [22] states
that in a study of many examples, the saddlepoint
approximation produced critical values accurate
to three decimal places. The onerous task in this
sequence of calculations is determining of the
eigenvalues of B2Σa − cB1Σa . In applications en-
countered in performance monitoring, it may not
be practical to calculate confidence intervals using
a saddlepoint method. However, the saddlepoint
approximation will be the benchmark to which
other algorithms will be compared.

For ratios of quadratic forms in normal variables,
the expected value of the ratio is not in general
equal to the ratio of the expected value of the
numerator divided by the expected value of the
denominator [17]. Ratio estimators are thus the-
oretically biased. The biased decreases with in-
creasing number of observations. Paolella [23] has
demonstrated the saddlepoint method described
above can be modified to enable efficient calcu-
lation of the moments of the ratios of quadratic
forms.

Normal Approximation for Ratios of Quadratic
Forms:

An elementary two-moment approximation was
proposed in [1] for η̂1(h). When applied to the
ratio of quadratic forms, Q, one obtains:

Q ∼ N

(
µ2

µ1
, σ2

Nor

)
(19)

where

σ2
Nor =

(
µ2

µ1

)2 (
σ2

2

µ2
2

+
σ2

1

µ2
1

− 2
ρσ2σ1

µ1µ2

)
(20)

with µi = E{Qi}i=1,2 and σ2
i = V ar{Qi}i=1,2 and

ρ denotes the correlation between the quadratic
forms. These results lead immediately to an ap-
proximate 100(1− α)% confidence interval for Q:

(
µ2

µ1
− Z1−α/2σNor,

µ2

µ1
+ Z1−α/2σNor

)
=

µ2

µ1

(
1∓ Z1−α/2σNor

(
σ2

2

µ2
2

+
σ2

1

µ2
1

− 2
ρσ1σ2

µ1µ2

)1/2
)

(21)

where Z1−α/2 = −Zα/2. Zα/2 is the α/2 criti-
cal value of a standard normal variate. Explicit

expressions for the means, variances and covari-
ances of the quadratic forms will be deferred to
a later section. As indicated earlier, ratio esti-
mators are theoretically biased. Paolella [23] has
shown that the bias can be reduced by replac-
ing the ratio of the means in Equation (19) by
µ2
µ1

(
1− ρσ1σ2

µ1µ2
+ σ2

1
µ2

1

)
. In all applications studied

in this paper the influence of this correction factor
was negligible.

Logarithmic Transformation for Ratios of
Quadratic Forms:

Another general approach is to model the numer-
ator and denominator of the quadratic form as
correlated random variables, and then to compute
the distribution function of the ratio from the
bivariate distribution. Since each of the quadratic
forms is positive, and it has been observed that
the distributions of the individual terms tend to
be right ‘skewed’ (large upper tails), the use of a
bivariate lognormal distribution can be justified.
One of the key advantages of using a bivariate log-
normal distribution is that the ratio of numerator
to denominator is also distributed as a lognormal
distribution and the construction of confidence
intervals is straightforward. The reader is referred
to [24–26] for background on the properties of
lognormal distributions, and [27] for applications
in cost modelling.

To implement a bivariate lognormal distribution
approximation, define:

µ̃i =
1
2
ln

(
µ4

i

µ2
i + σ2

i

)

σ̃2
i = ln

(
µ2

i + σ2
i

µ2
i

)
i = 1, 2

ρ̃ =
1√
σ̃2

1σ̃2
2

ln
(
1 + ρ

√
eσ̃2

1−1
√

eσ̃2
2−1

)
(22)

The means and variances
(
µi, σ

2
i

)
i = 1, 2 and

the correlation coefficient, ρ are associated with
the quadratic forms. The tilde denotes the pa-
rameters of the bivariate lognormal distribution.
It is known that the ratio Q is distributed as a
lognormal

(
µL, σ2

L

)
where:

µL =
eµ̃2

eµ̃1
exp

(
σ2

L

2

)

σ2
L = σ̃2

1 + σ̃2
2 − 2ρ̃

√
σ̃2

1 σ̃2
2 (23)

A 100(1 − α)% confidence for Q (not ln(Q)) is
given by:

eµ̃2

eµ̃1
e±Zα/2

√
σ2

L (24)

Parameterizations for Quadratic Forms:



To enable calculation of the quantities described
in the previous two sections, it is necessary to
determine the mean, variance and covariance be-
tween the quadratic forms {Q1, Q2}. Mathai and
Provost [17] provide the following summary for
the case of quadratic forms of the type given by
Equation (15):

µi = E{Qi} = tr(BiΣa)

σ2
i = var{Qi} = 2tr(BiΣaBiΣa)

cov{Q1Q2} = 2tr(B1ΣaB2Σa) i = 1, 2

(25)

The means and variances have been reported for
the case where {at} has mean zero. If this is not
the case, then these expressions are readily modi-
fied [17]. Although {B1, B2} are of dimension N x
N, they have a Toeplitz structure and calculation
of the variances and covariances in Equation (25)
is greatly facilitated by the banded structure of
these matrices, as shown in Appendix A. It is
readily verified that µ1 = Nσ2

e and µ2 = Nσ2
h.

Using the results from this Appendix, it is readily
established that:

σ2
Nor =

4
N

(
σ2

h

σ2
e

)2



L∑

j=1

(1− j

N
)[ρh(j)− ρe(j)]2




ρe(j) = 0, j > h− 1 (26)

where {ρh(j), ρe(j)} are the autocorrelations of
the h-step prediction and h-step ahead prediction
error respectively. These are easily calculated from
the impulse response coefficients as shown in Ap-
pendix A. Explicit expressions for the correction
factor proposed in [23] are given in Table A1.
In most applications in performance assessment
the corrector factor will not be important and
E{Q} ≈ E{Q2}

E{Q1}

The parameterization in Equation (26) is par-
ticularly useful in analyzing correlated data as
it can be used to obtain ‘an effective number
of degrees of freedom’ for the system. Consider
a ratio of two sums of squares of independent
normal variates, each free of serial correlation, and
each having Neff terms. This ratio would follow
an F distribution, and for Neff > 50 the mean and

variance of this ratio would be µ2
µ1

and 4
Neff

(
µ2
µ1

)2

respectively [13]. By equating this variance with
σ2

Nor, it is possible to calculate an effective num-
ber of observations, or degrees of freedom, in
the performance-monitoring situation, that would
give rise to the same variance as encountered in a
standard statistical test for the ratio of variances.
By observation:

Neff =
4(

σ2
1

µ2
1

+ σ2
2

µ2
2
− 2ρσ1σ2

µ1µ2

)

=
N(∑L

j=1(1− j
N )[ρh(j)− ρe(j)]2

)

ρe(j) = 0, j > h− 1 (27)

As will be seen, the effective number of observa-
tions can be significantly different than N .

Approximations for Quadratic Forms:

It is not difficult to develop performance measures
that can be expressed as a quadratic form, rather
than a ratio of quadratic forms, i.e.. Q =aT B2a .
Examples might include comparisons of variances
or evaluation of the confidence interval for the
cost function of the linear quadratic regulator
(Section 4.2). Calculation of confidence intervals
for quadratic forms is somewhat easier than for
ratios of quadratic forms. An overview of several
methods is given in [17]. The normal and lognor-
mal transformations described earlier are readily
modified for this problem.

Nonnormal Innovations:

The saddlepoint approximation assumes that the
quadratic forms arise from sums of squares of
normal random variables. In the time series appli-
cations discussed in this paper, this occurs when
the driving forces {at} are independent normal
random variables. As might be anticipated, the
distribution function for the ratio of quadratic
forms in non-normal variables cannot be deter-
mined. A common approach is to evoke the Cen-
tral Limit Theorem [17], noting that {Q1, Q2} will
asymptotically be distributed as bivariate normal
variables, with means, variances and covariances
determined by Equation (25). (The confidence
intervals calculated by using the theoretical val-
ues for the means, variances and covariances of
the quadratic forms, does not take into account
the distribution of the random sequence.) Rather,
the use of this transformation presumes that the
calculated quadratic forms approaches normality.
The lognormal transformation accelerates this ap-
proach to normality.

4. EXTENSIONS TO OTHER
PERFORMANCE MEASURES

The approach defined in the previous section
is readily adapted to a wide variety of other
performance indices that are used in control and
estimation.



4.1 Univariate Extensions

Horch and Isaksson [11] introduced another per-
formance measure, that they entitle a user-defined
benchmark :

ξ̂mod(h) =
s2

y

s2
ν

(28)

where s2
ν is calculated from:

s2
ν =

N∑
t=1

w2
t

wt = at + ψ1at−1 + . . . + ψh−1at−h+1

+ψh−1(υat−h + υ2at−h−1 + υ3at−h−2 + . . .)

0 ≤ υ < 1 (29)

As well:

ξmod(h) =
σ2

y

σ2
mod

(30)

where:

σ2
mod =

(
1 + ψ2

1 + . . . + ψ2
h−1 + ψ2

h−1

υ2

1− υ2

)
(31)

h is usually selected as b, where b is the total num-
ber of periods of delay between making a change
in the process input and first observing its effect
on the output. The motivation for this benchmark
is discussed in [5,11]. This performance metric can
be expressed as a ratio of quadratic forms and the
methods outlined in the previous sections applied.
Other variations on user-defined benchmarks are
given in [8,12].

Recently, Grimble [10] has introduced a perfor-
mance measure to specifically account for variabil-
ity in both the input and output. The performance
measure is of the form:

τ2 =
(
yf

t + λ5 Uf
t

)2

(32)

where {yf
t ,5Uf

t } are filtered values of the output
and increment or change in the input respectively
and λ is scalar that provides suitable weighting
between the input and output. In the most ele-
mentary case the filtered values are taken as the
original variables. Guidelines for filtering the data,
and use of this approach can be to monitor or
track changes in the process by constructing a per-
formance benchmark are described in [10]. Since
{yf

t ,5Uf
t } are obtained from {yt,5Ut} through

linear filtering, the performance index can be ex-
pressed as a quadratic form and the methods
described in the previous section can be used
directly.

4.2 Applications in Filtering and Control

Many filtering and control problems involve com-
puting performance or cost indices of the form:

J = lim
N→∞

1
N

N∑
t=1

(xT
t R1xt + uT

t R2ut) (33)

where xt is described by a linear state space
model with additive disturbances and R1 and
R2 are positive definite weighting matrices, e.g.
[13]. In the case of additive disturbances that
are adequately represented as a multivariate nor-
mal variate, {xt, ut} have a normal distribution,
whose mean is most often zero (since the x ’s
are taken as deviations from desired value). To
determine the variance-covariance matrix Pi of
the states it is necessary to solve a Riccati equa-
tion. The ‘average’ optimal cost for the states is
given by E{xT

∞R1x∞} = trace(R1P∞), where the
subscript ‘infinity’ denotes that the quantities are
evaluated at the converged solution to the Riccati
equation. Confidence intervals for E{xT

∞R1x∞}
can be determined by applying the methods de-
scribed in the previous sections by associating R1

with B2 and P∞ with Σa .

4.3 Multivariate Performance Indices

The multivariate equivalent of any of the perfor-
mance indices discussed in this paper presume
that the closed loop can be written as the output
of a linear transfer function of the form [3,4]:

Yt =
(
Ψ0 + Ψ1q

−1 + Ψ2q
−2 + . . .

)
At (34)

where Yt is a vector of n outputs at time t and
At is a multivariate sequence of normal random
variables with mean zero and covariance:

E{AjA
T
k } =

{
0 k 6= j
ΣA k = j j, k = 1 . . . N

(35)

To illustrate the application of the previously
developed methods, consider a simple multivariate
performance index:

ξ̂M (h) = 1 + γ̂M (h)

γ̂M (h) =

∑N
t=1 Ŷ T

t/t−hRŶt/t−h

∑N
t=1

(
Yt − Ŷt/t−h

)T

R
(
Yt − Ŷt/t−h

)

(36)

where Ŷt/t−h is the multivariate prediction of Yt

given information up to and including time t− h,
and R is an n × n symmetric positive-definite
matrix that is used to assign the relative impor-
tance of each output. There are other examples
of multivariate performance indices, but many of



them can be cast in the form of Equation (36)
with an appropriately defined weighting matrix.
As shown in Appendix A, it is possible to form an
estimate for γ̂M (h) that is of the form given by
Equation (15) where {B1, B2} are now Nn×Nn
matrices. The computational procedures outlined
in the previous sections are directly applicable.
Given the dimensions of the {B1, B2}, saddlepoint
calculations will be time consuming and the use
of the normal approximation or the lognormal
transformation will be preferred as the computa-
tional issues with using these approximations is
not onerous.

A number of other performance indices encoun-
tered in the analysis of feedforward systems [1,8]
can be readily cast in the form of a multivari-
ate process and the methods outlined in this pa-
per applied. The various variance decomposition
schemes outlined in [6,9] can also be expressed as
quadratic forms or a ratio of quadratic forms and
the methods in this paper applied directly.

5. CONFIDENCE ESTIMATION WITH
ESTIMATED PARAMETERS

In most applications, the parameters of the time
series are not known. To calculate the perfor-
mance index is first necessary to resort to a model-
building strategy to estimate both the structure
of the time series and the underlying parameters.
These approaches are discussed at length in the
references on performance assessment and moni-
toring. When the parameters are estimated, exact
solutions confidence intervals for the performance
indices do not exist. Four approaches can be used:
i) treat the estimated parameters as if they were
exactly known and use the results outlined in
the previous section, ii) use asymptotic lineariza-
tion results to estimate the uncertainty, iii) use a
likelihood method, known as profiling, or iv) use
numerically intensive methods such as bootstrap-
ping or re-sampling to estimate the quantities of
interest.

Ignore Uncertainty in Parameter Estimates:

The approach of treating estimated parameters as
if they were exactly known is used extensively in
time series analysis. For example, Box et. al. [15]
use this assumption to obtain confidence intervals
for the sample autocorrelations. A similar ap-
proach was used in [28] to derive approximations
for the mean and variance of the multiple cor-
relation coefficient R2 for autoregressive-moving
average time series models when parameters are
estimated. This corresponds to η̂1(1). The justifi-
cation is, that since the parameter estimates are
consistent, then asymptotically the variability in
the ratio of the quadratic forms the using esti-
mated parameters would be the same as if the

parameters were exactly known. Consequently the
distribution of the performance index using esti-
mated parameters would asymptotically be the
same as the distribution of the performance in-
dex when the parameters are exactly known. The
results in [15,28] are obtained using the normal
approximation described earlier. The confidence
intervals developed for η̂1(h) in [1], assume no
uncertainty in the parameters.

Asymptotic Normality Results:

Horch and Isaksson [11] proposed that the uncer-
tainty in the performance index that arises from
using estimated model parameters be calculated
using standard asymptotic results from estimation
theory. Let ˆ̂γ(h) denote the performance index in
Equation (9) that is calculated with estimated
parameters. β denotes the true vector of time
series parameters, β̂ the estimated parameters and
∇ˆ̂γ(h) is the gradient of the performance index
with respect to the parameters, evaluated at β̂.
Using asymptotic results from estimation theory
[29]:

ˆ̂γ(h) ∼ N
(
γ(h),∇ˆ̂γ(h)T cov(β̂)∇ˆ̂γ(h)

)
(37)

Asymptotically, β̂ has a multivariate normal dis-
tribution with mean β and covariance matrix
cov(β̂) [14,15,30]. Calculation of the covariance
matrix is straightforward. Usually the estimated
covariance matrix is automatically computed as
part of any estimation package and the gradient
of the performance index can be easily calculated
numerically using a finite difference approxima-
tion. This approach is computationally simple and
applicable to any class of performance indices that
is a differentiable function of the parameters. Care
must be taken when calculating the finite differ-
ence approximations to ensure that the resulting
‘perturbed’ closed loop system remains stable.
This method looses its appeal in multivariable
situations where a large number of parameters
may be estimated.

Profiling:

Profiling was a method developed by [31]. Appli-
cations in engineering are discussed in the original
reference and [33–35]. Define the following terms:

β̂ =
arg min

β

(S(β))

=
arg min

β

(∑N
t=1(yt − ŷt/t−1)2

)
(38)

and

β̂∗ =
arg min

β

(S(β))



=
arg min

β

(∑N
t=1(yt − ŷt/t−1)2

)

s.t.ˆ̂γ
∗
(h) = d (39)

where ˆ̂γ
∗
(h) is the performance index calculated

using the parameters β̂∗ and d is a constant
that will be defined soon. β̂ is the ‘usual’ solu-
tion to the parameter estimation problem and β̂∗

minimizes the constrained optimization problem.
Asymptotically, NS(β̂)−NS(β̂∗) is distributed as
a chi-squared variable with one degree of freedom
where {S(β̂), S(β̂∗)} denote the sums of square of
prediction errors evaluated at {β̂, β̂∗} respectively
[29]. Profiling is based on ‘inverting the likelihood
function’ [29]. To construct a confidence interval,
more precisely a likelihood interval, it is necessary
to find a value of d > ˆ̂γ(h) such that:

N ln

(
S(β̂∗)

S(β̂)

)
= χ2

1(1− α/2) (40)

where χ2
1(1−α/2) is the critical value from a chi-

squared distribution with one degree of freedom.
Denoting the value of d that satisfies Equation
(40) by dhi, and the value of d < ˆ̂γ(h) that satisfies
Equation (40) by dlo, a 100(1 − α)% confidence
interval for γ̂(h) is [dhi, dlo]. This optimization is
readily programmed and efficient [33–35].

The asymptotic normal approximation, Equation
(37), and the profiling method, can be used to
construct confidence intervals once the data has
been collected. The effects of using the estimated
parameters could have been predicted prior to
undertaking the simulations. Using standard re-
sults from statistics, one knows that the variance-
covariance matrix of the parameters must exceed,
in a norm-bounded sense, the Cramer-Rao lower
bound [15,30,36]. The latter bound is readily cal-
culated if the structure and parameters of the time
series are known; observations on the time series
are not required. (This approach is widely used
in systems analysis [36]). Using the asymptotic
normal expressions for the variance of the nominal
performance indices, var

(
ˆ̂η(h)

)
in Equation (36)

is computed using the Cramer-Rao expression
for the covariance matrix, which is evaluated at
β̂ = β. A similar approach can be used to eval-
uate expected likelihood intervals [35]. The confi-
dence intervals developed from these approaches,
is termed expected confidence intervals

Computer Intensive Methods:

When the distributional properties of a statistics
of interest are complex and cannot be derived,
one can use computer intensive methods to nu-
merically determine features of interest, such as
mean, variance, or confidence intervals. One of the
most well known of these approaches is known as

bootstrapping [37,38]. To apply this approach to
the problem discussed in this paper, a time series
model is fit to the original data, and one of the
performance measures is calculated by replacing
the true impulse weights by their estimated val-
ues. In fitting the time series model, estimates of
the {at}, denoted by {ât} are obtained. In the sec-
ond step, {ât} are sampled with replacement, to
produce a difference sequence of random variables.
(This is equivalent to a random rearrangement or
scrambling of this sequence). This ‘new’ sequence
has essentially the same distributional properties
as the {ât

′s}. This new sequence of random vari-
ables is then used to simulate a sequence of y’s
using the time series parameters estimated in the
original model fitting stage. This is known as a re-
sampling step. A time series model is fit to these
observations and an estimate of the performance
index is calculated. This process is repeated many
times, always using the parameters of the time
series identified in the original model fitting to
simulate the data with a ‘new’ sequence of random
elements used in each simulation. From this, one
obtains M estimates of the performance index.
An empirical cumulative distribution function can
be used to calculate confidence intervals for the
performance index. The uncertainty encapsulated
in this method incorporates the inherent variabil-
ity and that arising from parameter estimation.
Great emphasis is placed on developing the first
model and care must be taken to ensure that
the there is not premature termination of the
optimization algorithms. Often, the confidence in-
tervals are adjusted using bias and acceleration
factors [38]. There is an extensive literature on
the use of bootstrap methods, see for example [39],
and the references contained therein. The use of
bootstrapping in time series is an area attracting
considerable research interest.

The advantage of this approach is that it is partic-
ularly easy to program, and there is no assumption
of normality of {at}. The primary disadvantage
is that a large number of re-samplings are re-
quired to produce reliable confidence intervals.
This is not surprising. If one is interested in a
confidence level of 95%, then typically 1000 re-
sampling stages are required [37,38]. Construction
of bootstrap confidence intervals, as opposed to
the estimation of a bootstrap variance estimate,
typically requires an order of magnitude more
calculations. To reduce the computational require-
ments, one can assume a functional form for the
distribution function for the statistic of interest
and use the moments or quantiles of the resampled
data to estimate the parameters of the distribu-
tion. Instead of an a priori specification of the
distribution function, one can use an automatic
selection procedure from families of distributions.



One disadvantage of pure re-sampling is that there
is no insight into the features of the underlying
data that influence the statistical distributions
that arise from analysis of the problem at hand.
However, one advantage is that there are very
few assumptions concerning the distribution of the
stochastic components, {at}.

6. EXAMPLE

The simple example studied in [1] is revisited.

yt = ut−b +
1− 0.2q−1

1− q−1
at (41)

When a simple integral control ut = ut−1 −Kyt

is implemented, the closed loop is given by:

yt =
1− 0.2q−1

1− q−1 + Kq−b
at (42)

Let b = 5 and consider two values of the gain:
K = KHI = 0.071 and K = KLO = 0.025. The
impulse responses of the closed loop system for
each of these controller gains are shown in Figure
1. It is desired to calculate values of {c0.025, c0.975}
for η̂(h) with 1 ≤ h ≤ 20. h can be interpreted
as the prediction horizon. When h = b, the
performance index is a measure of the departure
from the best achievable control in the variance
sense [1,2]. Interpretations with h > b are given in
[1,5]. The true performance indices for both gains
are shown in Figure 2.
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For the purposes of evaluating the inherent vari-
ation in η̂(h), the performance indices are calcu-
lated using Equations (13) and the 95% confidence
intervals calculated using the methods outlined
earlier. These confidence intervals are shown in
Figure 3a and 3b for each of the three methods
described in the Section 4 for N = 300. The
computation time for the normal and transforma-
tion approximations is insignificant. Calculation
of the confidence intervals using the saddlepoint
approximation takes three orders of magnitude
more time. The numerical differences among the
methods are very small for b ≥ h. For b < h,
the logarithmic transformation provides a closer
match to the saddlepoint approach, which has
been taken as ’exact’. One would expect the loga-
rithmic transformation to outperform the normal
transformation when fewer ’effective’ observations
are present as the logarithmic method accelerates
the approach to normality. In Figure 4, the ratio
of the ’effective’ number of observations to the
number of observations, Neff/N , is plotted. For
smaller values of the prediction horizon, the effec-
tive number of observations is considerably less
than the number of observations, while for larger
horizons, the ‘effective’ number of observations far
exceeds the number of observations. This explains
the superiority of the logarithmic transformation
method. The behavior of Neff/N can be deduced
by analyzing the contributing terms in Equation
(27). It is difficult to make generalizations regard-
ing the ’effective’ number of observations, due to
the system specific autocorrelations that appear
in Equation (27).
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Fig. 3. 95% confidence intervals for η̂(h)− η(h).
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Each of the processes described above was sim-
ulated for N = 300. η̂(h) was calculated using
Equation (13) under the assumption that the pa-
rameters are known. This procedure was repeated
for 1000 realizations of the output. From these
simulations, the mean, and median values for η̂(h)
were determined along with 2.5% and 97.5% quan-
tiles. The difference from the upper and lower
quantiles to the true value is plotted in Figures 5a
and 5b for η̂(h). Superimposed on this plot is the
difference between the theoretical 2.5% and 97.5%
quantiles and the true performance index. The

theoretical values reported are those determined
from the lognormal transformation approach. For
the case of the high gain, the agreement between
theory and simulation is very good. For the case
of low gain, there is a slight bias between the true
value of the performance statistic and its empirical
mean, with the mean being slightly less than the
true value. The errors are on the order of 0.02
performance units and for practical applications
of monitoring and analysis, the differences are of
a magnitude that no errors in decision-making are
likely to be made. The theoretical mean of the
ratio of the quadratic forms was calculated using
the saddlepoint method proposed in [23]. No offset
was predicted and one must conclude that this
slight difference arises from either departures of
normality from of the random sequence or non-
randomness of the random sequence.
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Fig. 5. Comparison of empirical (simulation) and
lognormal confidence intervals for η̂(h)−η(h).
Top Panel: KLO Bottom Panel: KHI

−− lognormal + empirical

These results provide confidence intervals for the
performance index when the underlying model is
known. As indicated earlier, these results can be
used to compare control strategies at the design
stage to evaluate the underlying uncertainty in
any of the quadratic type performance indices
discussed earlier. It is clear that if the confidence
intervals are ’wide’ for this case, they will most
likely not be useful for monitoring or analysis.
Another interpretation is that if the calculated
intervals are ’wide’, then considerable variation in
the process will be observed.

Confidence Regions from Simulation - Es-
timated Parameters:



Intuitively, it should be expected that the con-
fidence intervals calculated using estimated pa-
rameters would differ than those calculated using
exact knowledge of the process due to the errors
introduced by inexact knowledge of the process
parameters. A Monte-Carlo approach was used
to investigate these effects. For each process, a
realization of length 300 was generated. The pa-
rameters of the time series were estimated using
a prediction error method. The impulse response
function was calculated using the estimated pa-
rameters of the time series and the performance
index ˆ̂η(h) was calculated for 1 ≤ h ≤ 20. (The
double circumflex indicates that the performance
index is calculated using estimated model param-
eters). This was repeated one thousand times.
From these simulations, the mean values for ˆ̂η(h)
were determined along with 2.5% and 97.5% quan-
tiles. The performance indices were calculated two
ways; i) using Equations (5) and (6) with esti-
mated quantities for the parameters and residuals,
or ii) using Equations (9) and (10) with the esti-
mated impulse response coefficients replacing the
true impulse coefficients. The true process, Equa-
tion (42) is described by an ARMA(5,1) model
with restrictions on four of the autoregressive
parameters. Since these restrictions are generally
unknown, an unrestricted ARMA(5,1) model was
fit to the data.

The difference from the upper and lower quan-
tiles to η(h) is plotted in Figures 6a and 6b for
ˆ̂η(h). The method of calculation, i.e. use of using
Equations (5) and (6) or Equations (9) and (10),
only resulted in negligible differences, and so the
method using the impulse coefficients is shown.
Superimposed on this plot is the difference be-
tween the theoretical 2.5% and 97.5% quantiles
and the true performance index that was calcu-
lated assuming that the parameters of the time
series are known. The theoretical values reported
are those determined from the lognormal trans-
formation.

The confidence intervals for ˆ̂η(h) are, for interme-
diate values of h, at least two or three times wider
than those observed in the simulations reported
in the previous section. Obviously, the effects of
using estimated parameters are significant. The
confidence intervals are nonsymmetric. Not sur-
prisingly, this behavior is more pronounced when
the performance indices are near their limits of
zero and one since the confidence intervals for η̂(h)
are bounded in the interval [0, 1]. For midrange
values of the performance index, more symmetry
in the confidence intervals is observed.

The 95% expected confidence intervals for the nor-
mal approximation and likelihood approach are
shown in Figures 6a and 6b along with the empir-
ical confidence regions. Although neither method
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Fig. 6. Comparison of empirical confidence in-
tervals (estimation) with approximate confi-
dence intervals for ˆ̂η(h)− η(h).
Top Panel: KLO Bottom Panel: KHI

−− lognormal – linearization · · · profiling
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matches the empirical limits exactly, both ap-
proaches indicate that sampling effects will be im-
portant. The expected profiling approach matches
the empirical confidence quite well for h ≥ b,
which is the primary region of interest. (In these
figures, negative values for the confidence bound
were encountered using the asymptotic normal
approximation. These were replaced by zeros).

To investigate the effects of nonormal random
innovations, the {at} were generated according as:

at = (et − ft)/s (43)

where {et, ft} are each independent lognormal
variables with mean 0 and variance 1. s is a
scale factor that ensures {at} has unit variance.
The resulting distribution is symmetric, with long
tails. The cumulative distribution function for the
difference of two lognormal variables is not easy to
compute. However, using an empirical generation
of ten thousand random variates, it is demon-
strated that Prob{−2 ≤ at ≤ 2} = 0.045 which
is almost identical to that for a normal random
variable. However, the Prob{−3 ≤ at ≤ 3} =
0.02. For a standard normal random variable,
Prob{−3 ≤ at ≤ 3} = 0.0026. The random
sequence produced via Equation (43) thus pro-
duces more extreme values than a normal random
variable.

In a small study to investigate the effects of
nonormal innovations, the performance indices for
pure simulation were calculated using the random
sequence produced via Equation (43). The cal-
culated confidence intervals were essentially un-



changed (within ±0.01 performance units) for the
case of pure simulation and estimation. In cal-
culating the parameters of the time series, the
‘robust’ implementation of the armax model com-
mand in MATLAB r© was used where prediction
errors greater than 1.6 times the standard predic-
tion error are given a linear rather than quadratic
weighting. This has the effect of reducing the im-
pact of outliers in the parameter estimation stage.
In a study of other systems, it has been observed
that the performance index calculated using the
estimated impulse weights is less sensitive to dis-
tributional effects when the ‘robust’ implemen-
tation is used. This is not surprising. Typically,
‘robust’ implementations affect the parameter es-
timation stage. To make the performance index,
calculated using the predictions, more robust, the
calculated residuals should most likely be ’wind-
sorized’ or ‘clipped’ to remove large values.

7. CONCLUSIONS

A general formulation was been described to
enable study of some statistical properties of
quadratic-type performance indices for instances
when the parameters are known and when they
must be estimated from closed loop data. Many
different forms of performance indices, both uni-
variate and multivariate, are amenable to the
analysis approach developed in this paper. A key
technical point is that even when the underlying
parameters of the closed loop process are known,
the performance indicator has variation when it
is computed from process observations. When the
driving forces for the stochastic elements of the
process disturbance are from a normal distribu-
tion, the exact distribution of the performance
indicator is known and confidence intervals can
be constructed when the parameters are known.
Construction of confidence intervals under these
conditions is aided by a number of simplifications
and approximations.

When the parameters are unknown and must
be estimated from data, confidence intervals can
be constructed via a linearization transformation,
likelihood methods or re-sampling or bootstrap
methods. It was shown how the importance of
estimation variability could be ascertained from
the nominal process model.

Construction of confidence intervals when nonnor-
mal driving forces are present was briefly investi-
gated. It was shown that the approaches described
for normal innovations could be justified on the
basis of the Central Limit Theorem. Of course,
one does not know how ‘quickly’ the approach
to normality occurs, and one must be satisfied
with constructing asymptotic confidence inter-
vals. Calculation of the performance indices using

the estimated impulse weights is preferred when
combined with the use of a ‘robust’ estimation
method.

The results in this paper can be used be used in
several ways: i) to study the inherent variability
of a performance index for purposes of hypothesis
testing in monitoring and analysis applications.
The results can be viewed as an extension of
the work described in [1], to a broad category of
performance indices, ii) to understand the features
in the data that affect the variability of the index,
such as number of observations and closed loop
autocorrelation structure, both of which affect the
effective number of observations, or iii) they can
be used to compare the relative performance of
different control schemes at the design stage.

It should be possible to use bootstrapping meth-
ods to quantify both the uncertainty arising from
the inherent variation and the estimation error.
Future work would be to investigate efficient com-
puter methods, as applications in time series are
very computer intensive.

Appendix A

The performance ratio γ̂(h) is defined as:

γ̂(h) = Q =
Q1

Q2
=

yT
h yh

eT
h eh

=
trace

(
yT

h yh

)

trace
(
eT
h eh

) (A.1)

where {yh, eh} are each N × 1 vectors denoting
h step-ahead prediction errors and h step-ahead
prediction errors respectively. The predictions and
prediction errors are defined in Equations (3)
and (4). Confidence estimation for γ̂(h) using
the saddlepoint approximation depends only on
the eigenvalues of Σh − cΣe, where Σh is the
variance-covariance matrix of the predictions (at
prediction horizon h) and Σe is the variance-
covariance matrix of the h step-ahead prediction
errors. To use the methods described in this paper
to compute confidence intervals, it is necessary to
put the above equation into the general form of a
ratio of quadratic forms. The closed loop impulse
function is described by Equation (2). Since the
closed loop is presumed stable, this infinite series
will be truncated at the Lth term:

yt =
L∑

j=0

ϕjat−j (A.2)

In Equation (A.2) ψj , j = L + 1, . . . is effectively
zero. Define:

ãT = (a−L+1, a−L+2, . . . , a0︸ ︷︷ ︸
aT
−

, a1, . . . , aN︸ ︷︷ ︸
aT

) (A.3)

Now



y1 = (ψL, ψL−1, ψL−2, . . . , ψ0, 0, 0, . . . , 0)T ã

y2 = (0, ψL, ψL−1, ψL−2, . . . , ψ0, 0, . . . , 0)T ã
...

yN = (0, 0, . . . , 0, ψL, ψL−1, ψL−2, . . . , ψ0)T ã

(A.4)

This equation can be written as:

y = H ã (A.5)

Using Equations (3) and (4), the vector of pre-
dictions, and vector of prediction errors can be
written as:

eh = Heã

ŷh = Hhã (A.6)

Each of H matrices is a banded matrix. With
these definitions, it follows immediately that:

γ̂(h) = Q =
Q2

Q1
=

ãT HT
h Hhã

ãT HT
e Heã

(A.7)

The performance index in Equation A.7 is in the
form of a ratio of quadratic forms and any of
the methods described in this paper can be used.
It is possible to simplify Equation A.7 by noting
that the distribution of the performance index is
equivalently calculated from:

γ̂(h) = Q =
Q2

Q1
=

aT B2a
aT B1a

(A.8)

where {B1, B2} are defined as:

B2 = HhHT
h

B1 = HeH
T
e (A.9)

This result follows immediately on noting that the
eigenvalues of HT

h HhΣã -cHT
e HeΣã are identical

to the eigenvalues of HhΣãHT
h − cHeΣãHT

e plus
q zero values, where q is the difference between
the dimensions of these two square matrices. An
examination of exact and approximate solutions
outlined in this paper indicates that the presence
of zero eigenvalues will not influence the calcula-
tion of the confidence intervals unless the largest
or smallest eigenvalue is zero.

{B1, B2} have a special structure and interpreta-
tion. Using Equation (A.9) and the appropriate
definitions of {He,Hy} it is straightforward to
show that:

σ−2
a B1 = toeplitz[γe(0)γe(1) . . . γe(N)]

and

σ−2
a B2 = toeplitz[γh(0)γh(1) . . . γh(N)]

(A.10)

{γe(k), γh(k)} denote the autocovariances of the
prediction errors and predictions respectively and
toeplitz [•] denotes a Toeplitz matrix. These au-
tocovariances are given by:

γe(k) =





σ2
a

h−1−k∑

j=0

ψjψj+k k = 0, 1, . . . , h− 1

0 k > h− 1

γh(k) =





σ2
a

L−k∑

j=h

ψjψj+k k = 0, 1, . . . , L

0 k > L

(A.11)

Using the fact that for any two N ×N matrices,
{A,B}, tr(AB) =

∑N
i=1

∑N
j=1 aijbij , the means,

variances and covariances of the quadratic forms
in Equation (24) can be readily calculated. These
are summarized in Table A.1. In this table the
autocorrelations are defined as:

ρe(k) =
γe(k)
γe(0)

, ρy(k) =
γy(k)
γy(0)

, ρh(k) =
γh(k)
γh(0)

(A.12)

The estimate η̂(h) can be expressed as a ratio of
quadratic forms Q̃2/Q̃1 = ãT B̃2ã/ãT B̃1ã where:

B̃1 = B2

σB̃2 = toeplitz[γy(0)γy(1) . . . γy(N)] (A.13)

Expressions for the mean, variance, covariances
and degrees of for η̂(h) are readily obtained from
those in Table A.1 by appropriate substitution of
terms.

Extension to Multivariate Performance In-
dices

The extension is conceptually straightforward.
The multivariable system can be written as Equa-
tion (A.4) with each yt replaced by Yt , an n × 1
vector of observations at time t. at is replaced by
At, an n× 1 vector of random variables at time t
and the scalar entries in the matrix H are replaced
by the appropriate multivariate impulse response
matrices Ψj . The vector ã is of dimension nN × 1
with mean zero and covariance Σã = IN+L ⊗ΣA,
where ΣA is defined in Equation (34). ⊗ refers to
the Kronecker product. {B1, B2} are now matrices
with elements {HT

h (IN+L ⊗ R)Hh, HT
e (IN+L ⊗

R)He}. In most instances, one would use the nor-
mal approximation and lognonormal approach to
calculating the confidence intervals for the perfor-
mance index. In this case it is straightforward to
show that:

trace
(
HT

h (IN+L ⊗R)HhΣã

)
(A.14)

= trace
(
(IN ⊗R)HhΣãHT

h

)



Table A.1. Means, variances and covariances of quadratic forms for ˆ̂γ(h)

Q2/N Q1/N

Mean σ2
h σ2

e

Variance
2σ4

h
N

(
1 + 2

∑L−h

j=1
(1− j

N
)ρ2

h(j)

)
2σ4

e
N

(
1 + 2

∑h−1

j=1
(1− j

N
)ρ2

e(j)

)

Covariance
2σ2

h
σ2

e

N

(
1 + 2

∑h−1

j=1
(1− j

N
)ρh(j)ρe(j)

)
, ρe(j) = 0, j > h− 1

σ2
Nor

4
N

(
σ2

h

σ2
e

)2 (∑L

j=1
(1− j

N
)[ρh(j)− ρe(j)]2

)
, ρe(j) = 0, j > h− 1

Mean Correction Factor

(
1 + 4

N

∑h−1

j=1
(1− j

N
)(ρ2

e(j)− ρh(j)ρe(j))

)
, ρe(j) = 0, j > h− 1

Table A.2. Means, variances and covariances of quadratic forms for multivariate
performance index

Q2/N

Mean trace(RΥh(0))

Variance 2trace
N

(
RΥh(0)RΥp(0) + 2

∑L−h

j=1
(1− j

N
)RΥT

h (j)RΥh(j)

)

Q1/N

Mean trace(RΥe(0))

Variance 2trace
N

(
RΥe(0)RΥe(0) + 2

∑h−1

j=1
(1− j

N
)RΥT

e (j)RΥe(j)

)

Covariance 2trace
N

(
RΥh(0)RΥe(0) + 2

∑h−1

j=1
(1− j

N
)RΥT

h (j)RΥe(j)

)

trace
(
HT

h (IN ⊗R)HhΣãHT
h (IN ⊗R)HhΣã

)

= trace
(
(IN ⊗R)HhΣãHT

h (IN ⊗R)HhΣãHT
h

)

trace
(
HT

h (IN ⊗R)HhΣãHT
e (IN ⊗R)HeΣã

)

= trace
(
(IN ⊗R)HhΣãHT

h (IN ⊗R)HeΣãHT
e

)

Similar expressions for the first two items in
Equation (A.14) are obtained with He replacing
Hh. By exploiting by banded structure of He and
Hh one can show that:

HeΣãHT
e = toeplitz(Υe(0)Υe(1) . . . Υe(N))

and

HhΣãHT
h = toeplitz(Υh(0)Υh(1) . . . Υh(N))

(A.15)

where toeplitz (•) denotes a block Toeplitz ma-
trix. The n x n matrices {Υe(k), Υh(k)} are de-
fined as:

Υe(k) =





h−1−k∑

j=0

ΨjΣAΨT
j+h , k = 0, 1, . . . , h− 1

0 , k > h− 1

Υh(k) =





σ2
a

L−k∑

j=h

ΨjΣAΨT
j+h , k = 0, 1, . . . , L

0 , k > L

(A.16)

When computing the block Toeplitz matrix it
is necessary to evaluate Υe(−k) = ΥT

e (k) and
Υh(−k) = ΥT

h (k).

Expressions for the means , variances and covari-
ances of the quadratic forms can be derived from
Equations (A.14) - (A.16). Unlike the univariate
case, these quantities depend on the covariance

matrix of the driving force.
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